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Abstract
Solute diffusion in partially saturated porous media is an important fundamental pro-

cess in many natural and environmental systems. At low water saturation, the solute

transport is governed by the diffusion in thin water films on the surfaces of solids. In

this study, we established an improved pore-scale simulation framework successfully

describing the solute diffusion in variably saturated porous media (e.g., soils), which

considers the contribution of the diffusion within the thin water film on the surface

of the solid matrix. The model takes into account the liquid–gas distribution in the

underlying porous media by the Shan-Chen lattice Boltzmann Method (LBM) and

simulates the solute diffusion in the bulk liquid phase and the water film. Based on

the numerical results, an easy-to-use theoretical formula was also developed to pre-

dict the effective diffusivity in microporous materials at low saturation levels. The

average relative error of its prediction with respect to the experimental data from the

literature is about 30%, while that of the classical power law exceeds 70%. A simple

phase diagram was defined, which allows us to identify the situations under which it

is necessary to take the influence of surface water films on the effective diffusivity in

unsaturated microporous media into account. The present study improves the pore-

scale model to address solute diffusion in the water films at low water saturation and

elucidates the contribution of thin water films on solute transport.

Abbreviations: D3Q19, three-dimensional nineteenth speed; D3Q7,

three-dimensional seventh speed; LBM, lattice Boltzmann method; QSGS,

quartet structure generation set.
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1 INTRODUCTION

The transport of solutes in variably saturated porous media is a

fundamental process relevant to various technical and natural

systems. Critical examples include contaminant transport in
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soils and the vadose zone (Hu et al., 2004; Mehta et al., 1995;

Olesen et al., 1999) and radionuclide migration in the context

of nuclear waste disposal (Savoye et al., 2010, 2012). In the

past decades, an extensive number of experiments (Badv &

Faridfard, 2005; Hamamoto et al., 2009; Savoye et al., 2012;

So & Nye, 1989; Tokunaga et al., 2017) and modeling stud-

ies (Genty & Pot, 2014; Gimmi & Churakov, 2019; Hunt

et al., 2014; Yoon et al., 2015) have provided enhanced under-

standing and predictions of the solute transport in partially

saturated complex porous media such as soils, clay rocks, and

crystalline rocks.

The diffusive flux 𝐽 of a dissolved solute in the aqueous

solutions filling porous materials can be described with Fick’s

law, which shows a linear relationship to the concentration

gradient ∇𝐶 as 𝐽 = 𝐷𝑒∇𝐶 , with 𝐷𝑒 being the effective dif-

fusion coefficient (Hornung, 1997). Therefore, the effective

diffusion coefficient𝐷𝑒 is a critical parameter controlling the

Fickian diffusion of solutes through porous media. The value

of𝐷𝑒 in partially saturated porous media depends on different

factors such as porosity 𝜃, degree of saturation 𝑆𝑤, aqueous

molecular-diffusion coefficient 𝐷0, as well as the connec-

tivity of the water phase in the porous material. Previous

studies (Hu & Wang, 2003; Millington & Quirk, 1961; Revil

& Jougnot, 2008) commonly predict the values of normal-

ized effective diffusivities 𝐷∗
𝑒

from an extension of Archie’s

law given as:𝐷∗
𝑒
= 𝐷𝑒∕𝐷0 = 𝜃𝑛𝑆𝑚𝑤, where the two empirical

parameters n and m are determined by fitting to experimental

data. Furthermore, by assuming n = m, the above equa-

tion can be simplified to a power-law form as (Chou et al.,

2012):

𝐷∗
𝑒
= 𝐷𝑒∕𝐷0 =

(
𝑆
𝑤
𝜃
)n = 𝜑n, (1)

where 𝜑 = 𝑆
𝑤
𝜃 denotes the volumetric water content. Fur-

ther, a modified version of this power law was proposed with

an additional constant k (Brooks & Corey, 1966; Mehta et al.,

1995),

𝐷∗
𝑒
= 𝑘𝜑n. (2)

In this concept, considering a nonvolatile solute, the gas and

solid phases are inaccessible, and the solute is only present

in the liquid phase. Hence, 𝜑 can be treated as the acces-

sible volumetric fraction of water or nonvolatile solutes in

unsaturated porous media. Figure 1 summarizes previously

measured effective diffusivities in soils as a function of water

contents (Barraclough & Tinker, 1981; Conca & Wright,

1992; Klute & Letey, 1958; Romkens & Bruce, 1964; Row-

ell et al., 1967; So & Nye, 1989; Tokunaga et al., 2017).

By fitting Equation (2) with these experimental data, the

parameters of Equation (2) were determined and the corre-

sponding best-fitting curve𝐷∗
𝑒
= 1.51𝜑2.03 is also plotted (cf.

red line in Figure 1). It indicates that 𝐷∗
𝑒

derived from exper-

Core Ideas
∙ Solute transport in porous media at low water sat-

uration is governed by the diffusion in thin water

films.

∙ This study presents a modified pore-scale model

involving the transport pathway in thin water films.

∙ A physically based formula is given to better

predict the unsaturated effective diffusivity.

∙ A phase diagram is defined to identify the influ-

ence of surface water films on the effective

diffusivity.

iments decreases almost linearly with the reduction of 𝜑 at

higher water saturation levels (e.g., 𝜑 > 0.3). However, the

best-fitting curve overestimates𝐷∗
𝑒

in comparison with exper-

imental data at 𝜑 > 0.4. When the water content is below

0.3 (𝜑 ≤ 0.3), the experimental points show more significant

divergence. If the water content drops below 0.2 (𝜑 < 0.2), the

measured 𝐷∗
𝑒

shows a strongly nonlinear and rapid decrease.

The accuracy of the fitting power-law equation (cf. red line

in Figure 1) is questionable. Specifically, the fitting equa-

tion significantly underestimates the experimental data from

Tokunaga et al. (2017) (cf. black squares in Figure 1). Even

at a very low water content, 𝐷∗
𝑒

is still nonzero since the

hydrophilic mineral surfaces are still wetted by a thin water

film providing a connected transport pathway for solutes. To

capture such a complex behavior, several groups (Fityus et al.,

1999; Mehta et al., 1995; Olesen et al., 1999) have proposed

a two-component model including transport in saturated and

partially saturated pores.

Thanks to the recent developments in advanced micro-

scopic observation techniques and high-performance comput-

ing, pore-scale studies can be used nowadays to reconstruct

the microscopic distribution of liquid and gas phases in real

three-dimensional (3D) pore geometries (Pot et al., 2015), and

further investigate the spatiotemporal behavior of solute trans-

port in such unsaturated media (Genty & Pot, 2014; Hasan

et al., 2020; He et al., 2017; Qiu et al., 2012; Raoof et al.,

2010). In contrast to empirical models, 3D pore-scale sim-

ulations can provide a process-based understanding of the

relationship between solute transport and water saturation and

can help to quantify the contributions of either factors on the

overall solute mobility. Several pore-scale modeling studies

have been conducted to calculate the effective diffusivity in

porous media under saturated and unsaturated conditions (de

Vries et al., 2017; Genty et al., 2017; Genty & Pot, 2014; Liu

et al., 2020; Poonoosamy et al., 2022; Yang & Wang, 2019;

M. Zhang et al., 2012). Given that pore-scale models require

an explicit mesh based discretization of pore space, the solute

 15391663, 2024, 3, D
ow

nloaded from
 https://acsess.onlinelibrary.w

iley.com
/doi/10.1002/vzj2.20321 by Forschungszentrum

 Jülich G
m

bH
 R

esearch C
enter, W

iley O
nline L

ibrary on [22/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



3 of 14 YANG ET AL.Vadose Zone Journal

F I G U R E 1 Experimental data of normalized effective diffusivity

𝐷∗
𝑒

measured in various soils as a function of the volumetric water

content 𝜑 (Barraclough & Tinker, 1981; Conca & Wright, 1992; Klute

& Letey, 1958; Romkens & Bruce, 1964; Rowell et al., 1967; So & Nye,

1989; Tokunaga et al., 2017). The red line is the fitting curve with the

experimental data by using Equation (2): 𝐷∗
𝑒
= 1.51𝜑2.03 (R2 = 0.64).

F I G U R E 2 Surface water films with an average thickness 𝑑

confined on the rough surfaces of solids.

transport in previous pore-scale simulations was mainly con-

strained by the classical percolation theory (Scher & Zallen,

1970; Zallen, 2008). However, at extremely low water satura-

tion levels, classical percolation theory does not truly reflect

the transport of solutes in unsaturated porous media. If we

follow the classical percolation theory, the diffusive pathway

is disconnected when the volumetric water content is below

0.05 (𝜑 < 0.05) (D. P. Bentz & Garboczi, 1991). However,

Tokunaga et al. (2017) reported that the diffusion pathways

are still connected in unsaturated microporous media even at

a volumetric water content as low as 10−4. At such a low water

saturation, the ultra-thin water films formed on the surface of

soil particles, as illustrated in Figure 2, continue to provide

a connective pathway for transport as reported by previous

investigations (Conca & Wright, 1992; Hu & Wang, 2003).

Moreover, the effective diffusivity in such media with low

water saturation decreases rapidly due to the influences from

both surface roughness and tortuosity of pores (Tokunaga

et al., 2017).

The average thickness of water films 𝑑 in unsaturated

porous media relates to many factors such as saturation

level, humidity, particle/pore size, and surface roughness, and

ranges from several nanometers to a few micrometers (Carmi-

nati et al., 2008; Gao et al., 2021; Jiang et al., 2020; Lin et al.,

2020; Tokunaga et al., 2017). When the thickness of the water

film is in the order of some nanometers, the liquid–solid inter-

face, especially the electrical double layer effect, will have a

non-negligible impact on solute transport. However, this study

focuses on microporous media (e.g., soils and sandstones) and

a water content ensuring that the water films are confined in

rough surfaces within a micro- and submicrometric thickness

range (Jiang et al., 2020; Kasyap & Senetakis, 2018; Toku-

naga & Wan, 1997). In such microporous media, the thickness

of water films is usually smaller than the resolution of pore-

scale simulations. Hence, it is difficult to resolve the water

films in pore-scale models explicitly. Local mesh refinement

may help to resolve the thin water films on the particle sur-

faces to a certain level but the computational costs will rapidly

increase to a prohibitive level.

In order to improve the understanding of solute diffusion

mechanisms in unsaturated microporous media, a method was

developed to improve the pore-scale model explicitly account-

ing for the transport through surface water films without

significantly increasing the computational costs. This model

was applied to define the conditions under which the solute

diffusion in water films is a significant or even the domi-

nant solute transport mechanism. Finally, numerical results

are upscaled and a theoretical assessment of the contribution

from thin water films on the effective diffusivity of solutes

in variably saturated microporous media is provided, which

is validated with experimental data from Tokunaga et al.

(Tokunaga et al., 2017).

2 METHODS

In this study, the quartet structure generation set (QSGS)

method based on the stochastic growth theory is used to gener-

ate three-dimensional microstructures of microporous media

(Wang et al., 2007; Wang & Pan, 2008). By setting the growth

factors, this method can control the statistical properties of

reconstructed microstructures at the microscale (e.g., poros-

ity, specific surface area, and mean particle size). Pore-scale

modeling of solute diffusion in unsaturated porous media

requires the following: (i) creating a precise static water–air

phase distribution, and (ii) simulating the transport of the

solutes in the aqueous phase. The lattice Boltzmann method

(LBM) is a simulation method that allows for highly efficient

parallelized computational algorithms and can address mul-

tiphase problems involving complex liquid–solid boundary

conditions and interactions. Hence, it is often used to simu-

late the air–water distribution and the diffusion process at the
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pore scale. For the first step, the two-phase single-component

Shan-Chen LBM has been used in this study to simulate the

spontaneous phase separation and to calculate the liquid/gas

distribution in complex 3D pore geometries (Section 2.1). For

the second step, a LBM for Fick’s law has been used (Sec-

tion 2.3). In addition, the model has been extended to account

for thin water films during solute transport (Section 2.2).

2.1 Lattice Boltzmann model for simulation
of the static water–air distribution

The single-fluid two-component Shan-Chen lattice Boltz-

mann model was used to simulate the static water–air

distribution in the pore structure (Shan & Chen, 1993, 1994).

The formulation of the lattice Boltzmann evolution for this

model is given by:

𝑓𝛼
(
𝑟 + 𝑐𝑓 𝑒𝛼𝛿𝑡, 𝑡 + 𝛿𝑡

)
= 𝑓𝛼 (𝑟, 𝑡) + Ω𝑏𝑔𝑘,𝛼 (𝑟, 𝑡) , (3)

where 𝑓𝛼 represents the particle distribution function along

direction 𝛼, r denotes the position vector, 𝛿𝑡 the correspond-

ing time step, and 𝑒𝛼 the discrete velocities with discretized

directions. 𝑐𝑓 = 𝛿𝑥∕𝛿𝑡 is the lattice velocity for 𝑓𝛼 and

𝛿𝑥 is the lattice size. In this study the three-dimensional

nineteenth speed (D3Q19) lattice was used. In the Bhatnagar-

Gross-Krook approach, the collision term Ω𝑏𝑔𝑘,𝛼 is given

as:

Ω𝑏𝑔𝑘,𝛼 = − 𝛿𝑡
𝜏𝑓

(
𝑓𝛼 − 𝑓𝑒𝑞,𝛼

)
, (4)

where 𝜏𝑓 is the dimensionless relation time and 𝑓𝑒𝑞,𝛼 the

equilibrium function. The equilibrium function is written as:

𝑓𝑒𝑞
𝛼

(𝑟, 𝑡) = 𝑤𝛼𝜌

[
1 +

3𝑒𝛼𝑣
𝑐2
𝑓

+
9
(
𝑒𝛼𝑣

)2
2𝑐4
𝑓

− 3𝑣2

2𝑐2
𝑓

]
, (5)

where 𝑤𝛼 is the distribution factor. For the D3Q19 lattice

(𝛼 = 0, 1, 2,∼ , 18),𝑤𝛼 = 1∕18 for 𝛼 = 1 − 6,𝑤𝛼 = 1∕36 for

𝛼 = 7 − 18, and 𝑤0 = 1∕3. 𝜌 is the density of the fluid and

𝑣 the velocity of the fluid defined by the equilibrium dis-

tribution function, which is different from the fluid velocity

𝑢 = 𝑣 − 𝜏𝑓𝐹𝑉 ∕𝜌, where 𝐹𝑉 is the external volumetric force.

Fluid density and velocity can be obtained from the distribu-

tion function as 𝜌 =
∑
𝛼 𝑓𝛼, 𝑢 = (𝐹𝑉 𝛿𝑡)∕(2𝜌) +

∑
𝑓𝛼𝑒𝛼∕𝜌;

the macroscopic kinematic viscosity 𝜐 is related to the relax-

ation time: 𝜐 = 𝑐2
𝑓
(𝜏𝑓 − 𝛿𝑡∕2)∕3. In the single component two

phase Shan-Chen model, nonideal pressure during two com-

ponent flow leading to phase changes is represented through a

volumetric interaction force given by the following equation:

𝐹𝑉 (𝑟, 𝑡) = −𝐺𝜓 (𝑟, 𝑡)
∑
𝑤𝛼𝜓

(
𝑟 + 𝑐𝑓 𝑒𝛼𝛿𝑡, 𝑡

)
𝑒𝛼𝑐𝑓∕

√
3,
(6)

where 𝐺 is the interaction strength taken as −120 in arbitrary

nondimensional lattice units. 𝜓 is the interaction potential

given as:

𝜓 (𝜌) = 𝜓0 exp
(
−𝜌0∕𝜌

)
. (7)

In Equation (7), 𝜓0 and 𝜌0 are arbitrary constants. In this

study, these constants are set to 4 and 200, respectively, such

that for𝐺 = −120 phase separation would take place (Huang

et al., 2015). Arbitrary parameters of Shan-Chen models can

be related to various popular equations of state using the

approach of Baakeem et al. (2020). However, for the pur-

poses of the present study, this is not essential. For these

set of parameters, the densities of the gas phase, 𝜌𝑔 , and of

the aqueous phase, 𝜌𝑤, are around 85.86 and 524.98 in arbi-

trary dimensionless lattice units with a density ratio between

the two phases of around 6, which is significantly lower than

the expected density ratio. Nevertheless, this difference in the

density ratio is not critical for the flow in a rigid porous media

(e.g., hardened cement paste) as demonstrated in J. Bentz

et al. (2022). For the solid phase boundary condition, a pre-

vious study of Pot et al. (2015) indicated that the condition

of a perfectly wetting surface agrees well with experimental

observations. Hence, this study employed the same boundary

condition that assumes water to be a perfectly wetting phase,

and the solid phase was assigned the pseudo density of the

water phase while computing the volumetric interaction force

(J. Bentz et al., 2022). In addition, the classical bounce-back

boundary condition in LBM is applied at the solid–fluid inter-

face as a non-flux boundary condition normal to the solid

surface. The periodic boundary condition is employed at all

surfaces of the simulation domain. Details on the implemen-

tation of boundary conditions as well as on a consistent unit

conversion between arbitrary dimensionless lattice units and

physical units are described in Bentz et al. (J. Bentz et al.,

2022). For this study, unit conversion is not relevant as only

a simulation of the water distribution is carried out. To sim-

ulate the water distribution with the desired volumetric water

saturation 𝑆𝑤, the initial condition is set using an equilibrium

distribution function with a density 𝜌 = (1 − 𝑆𝑤)𝜌𝑔 + 𝑆𝑤𝜌𝑤
and a fluid velocity equal to zero. The precise value of 𝑆𝑤
are calculated after the simulation. The simulation is run until

a steady state is reached, and the liquid and gas phase dis-

tributions are obtained using a threshold density equal to

0.5(𝜌𝑔 + 𝜌𝑤). Voxels with densities lower than the threshold

density are considered as gas voxels and those with densities

above as fluid voxels. Thus, at the end of the simulation, an

output image consisting of three types of voxels—solid, water,

and gas—is obtained. The described model was implemented

in the open-source code Yantra (Patel, 2016, 2018).

In the microstructures of soils, it is difficult to resolve the

water films by pore-scale models explicitly because the thick-

ness of water films is usually smaller than the resolution of
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F I G U R E 3 Phase distributions and transport pathways before

numerical discretization (a) and after numerical discretization for

pore-scale modeling (b). The existence of under-resolved water films is

typically neglected.

pore-scale simulations. Figure 3a,b schematically illustrate

this issue. For computing diffusivity, the output of single-

component two-phase lattice Boltzmann models is processed

such that a given single grid is treated as gas phase or liquid

phase based on the density of the fluid (Pot et al., 2015; M.

Zhang et al., 2012). This will eventually lead to depercolation

of the water phase, and hence the porous medium will become

non-diffusive and impermeable for solutes. This is illustrated

in Figure 3a, where a continuous pathway from the left side

to the right side exists for solute transport. However, since the

thin water films cannot be resolved in a typical discretization

used for the sake of computational efficiency and memory

limitations, no transport of solutes can occur (Figure 3b). This

disconnection caused by the numerical discretization is typ-

ical for under-resolved pore-scale simulations of unsaturated

porous media reported so far in the literature. For instance, the

simulations by Genty and Pot (2014) indicated that the diffu-

sive pathway is disconnected in a porous medium consisting

of packed spheres at𝜑 ≈ 0.08 and in a soil core at𝜑 ≈ 0.05. In

the pore-scale simulation for cement paste, the effective dif-

fusivity also reaches zero as 𝜑 decreases to 0.05 (M. Zhang

et al., 2012).

2.2 An improved approach to consider thin
water films in solute transport

To overcome the limitation of the existing pore-scale sim-

ulations and to efficiently describe the subgrid water films,

in this study, additionally, water-film grids are introduced

at the gas–solid interface replacing the pure gas grids at

these locations (red grids illustrated in Figure 4a) in the

LBM model described in Section 2.1. On these grids, an

equivalent diffusivity 𝐷∗
0 (cf. Figure 4c) is used to calcu-

late the corresponding flux across the grids by ∬ 𝐽 num
water-film

=
𝛿𝑥2𝐷∗

0∇𝐶 (mol/s). For simplicity, the average thickness 𝑑 is

employed for all water films on the surfaces of solid particles.

Within the subresolution water film confined in the space of

one grid (Figure 4b), the flux across grids is ∬ 𝐽 real
water-film

=
𝛿𝑥𝑑𝐷0∇𝐶(mol/s), assuming that these two cases are equiva-

lent. Hence, as shown in Figure 4a,b, the fluxes 𝐽 num and 𝐽 real

are equal under the same concentration gradient, leading to the

following equation:

F I G U R E 4 Schematic illustration of the two-dimensional

discretized distributions of gas, liquid, and solid in the pore-scale

simulations (a). The water-film grids (red) are added to replace

previous gas grids (white) at the gas–solid interface. Fluxes are

equivalent between the real phase distribution (b) and the effective

distribution (c) with a reduced effective diffusivity 𝐷∗
0 ; the alteration of

the water film thickness 𝑑 is achieved by changing 𝐷∗
0 .

𝑑𝛿𝑥𝐷0∇𝐶 = 𝛿𝑥2𝐷∗
0∇𝐶. (8)

Therefore, the presence of a water film with a thickness 𝑑

is reproduced by using an equivalent diffusion coefficient at

the water-film grids:

𝐷∗
0 = 𝑑

𝛿𝑥
𝐷0. (9)

Our study is primarily concerned with soils/porous media

with a water content higher than 0.05. When the water con-

tent is below 0.05, the thickness of the water films could reach

the nanometer scale (Tokunaga et al., 2017). In this situation,

the nanoscale roughness of the surface and solid–liquid inter-

facial effects will have a critical impact on solute diffusion

(Nishiyama & Yokoyama, 2021), where the non-linear rela-

tion of the diffusive flux to the thickness of the water film at

each node will become significant.

In the proposed model, the water content 𝜑 consists of two

parts: the bulk water content 𝜑b and the adsorbed surface

water content 𝜑wf . Hence, the precise values of volumet-

ric water content are recalculated after the simulations by:

𝜑 = 𝜑
𝑏
+ 𝜑wf = 𝜑𝑏 + 𝜑

𝐺
wf𝑑∕𝛿𝑥, where 𝜑𝐺wf denotes the vol-

umetric fraction of water film grids (red grids in Figure 4a).

By following this approach, the pore-scale simulations can

include the diffusive fluxes within the water films without the

need to refine the mesh to resolve the local thin water films

on the surface of the particles. Therefore, this methodology is

computationally attainable without a computational overhead.

In order to avoid the average thickness of water films reach-

ing nanoscale, this study focuses on microporous media with a

 15391663, 2024, 3, D
ow

nloaded from
 https://acsess.onlinelibrary.w

iley.com
/doi/10.1002/vzj2.20321 by Forschungszentrum

 Jülich G
m

bH
 R

esearch C
enter, W

iley O
nline L

ibrary on [22/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



YANG ET AL. 6 of 14Vadose Zone Journal

water content >0.05. In nature, it is common that the surfaces

of coarser sand grains are coated with finer clay particles.

Kasyap and Senetakis (2018) measured the roughness of sand

grains coated with a clay agent. They found that the roughness

of these surfaces ranged from 0.22 to 1.01 µm, based on dif-

ferent clay material concentrations. When the capillary forces

dominate over the adsorptive forces for developing a water

film, a previous theoretical study (Jiang et al., 2020) indi-

cated that the average thickness of a water film on a microscale

rough surface (e.g., sand grains coated with clay) is approxi-

mately equal to the surface roughness. When the water content

of a sample reaches the minimum threshold of 0.05, it is

assumed that the volume of water exclusively comprises the

water films that uniformly coat the soil’s rough surface. Toku-

naga et al. (2017) also estimated an average thickness of water

films ranging from 0.6 to 3.8 µm for sands with a water con-

tent close to 0.05. Hence, based on previous studies (Gao

et al., 2021; Jiang et al., 2020; Tokunaga et al., 2017; Toku-

naga & Wan, 1997) and the specific surface area of the digital

soils, in this study we adopted two characteristic values of 1

and 4 µm as the average thicknesses of water films. Thus,

the corresponding 𝐷∗
0 was set equal to 0.05𝐷0 and 0.2𝐷0,

respectively.

2.3 Lattice Boltzmann model for simulation
of solute diffusion

Since only nonvolatile solutes are considered in this study, the

solutes can only diffuse in the aqueous phase governed by the

classical Fick’s law (Yoshida & Nagaoka, 2010):

𝜕𝐶

𝜕𝑡
= ∇ ⋅ 𝐽 = ∇ ⋅

(
𝐷0∇𝐶

)
, (10)

where 𝐽 , 𝐶 , 𝑡, and 𝐷0 denote the diffusive flux (mol/m2/s),

the aqueous solute concentration (mol/m3), the time (s), and

the diffusion coefficient in free water (m2/s), respectively.

When the simulations reach steady state, the effective diffu-

sion coefficients are calculated by the flux through the unit

cross section ∫ 𝐽d𝑆∕𝑆(Yang & Wang, 2018):

𝐷𝑒 =
𝐿

𝐶i𝑛𝑡 − 𝐶out

∫ 𝐽d𝑆
𝑆

, (11)

where 𝐿 is the domain length, 𝐶i𝑛𝑡 the solute concentration at

the inlet, and 𝐶out the concentration at the outlet (Figure 5).

Equation (10) is numerically solved by the LBM. Further

computational details are summarized in Yang and Wang

(2018). The corresponding numerical evolution function 𝑔𝛼
is given as (Wang & Pan, 2008; Yoshida & Nagaoka, 2010):

𝑔𝛼
(
𝑟 + 𝑐𝑔𝛿𝑡𝑔𝑒𝛼, 𝑡 + 𝛿𝑡𝑔

)
− 𝑔𝛼 (𝑟, 𝑡) = − 1

𝜏𝑔

[
𝑔𝛼 (𝑟, 𝑡) − 𝑔𝑒𝑞𝛼 (𝑟, 𝑡)

]
,

(12)

F I G U R E 5 A sketch of the calculation domain and boundary

conditions for solute diffusion.

where 𝑐𝑔 is the lattice velocity for 𝑔𝛼 and 𝑒𝛼 represents the dis-

crete velocities with discretized directions 𝛼 = 0, 1, 2, ⋅ ⋅ ⋅ 6
for a three-dimensional seventh speed (D3Q7) scheme, since

this scheme shows better stability and efficiency for diffusion

simulations than the D3Q19 scheme (Yang & Wang, 2018).

𝜏𝑔 = 4𝐷0𝛿𝑡𝑔∕𝛿𝑥2 + 0.5 is the dimensionless relaxation time.

𝑔
𝑒𝑞
𝛼 = 𝜔𝛼𝐶 is the equilibrium distribution function with the

distribution coefficients (𝜔𝛼=0 = 1∕4 and 𝜔𝛼=1∼6 = 1∕8) in

the D3Q7 system. The local solute concentration at the pore

scale is calculated by 𝐶 =
∑
𝛼 𝑔𝛼 . Besides, the conventional

bounce-back rule in LBM is employed as a zero normal flux

boundary condition at liquid–solid or liquid–gas interfaces.

Benefiting from the advantage of the LBM formulation, the

local fluxes of solutes can be determined by 𝑔𝛼(𝑟, 𝑡) at each

grid as (Wang et al., 2007):

𝐽
𝛽
=
𝜏𝑔 − 0.5
𝜏𝑔

𝛿𝑥

𝛿𝑡𝑔

∑
𝛼

(
𝑒
𝛼
⋅ 𝑒
𝛽

)
𝑔𝛼 (𝑟, 𝑡) . (13)

The diffusivity 𝐷0 of the solute (e.g., NaCl) in free

water was set to 2.0 × 10−9 𝑚2∕𝑠 at room temperature. The

boundary concentrations at the inlet and outlet of the simu-

lated domain are given as𝐶i𝑛𝑡 = 5.0 × 10−2𝑚𝑜𝑙∕𝐿 and𝐶𝑜𝑢𝑡 =
1.0 × 10−2 𝑚𝑜𝑙∕𝐿, respectively. The total diffusive fluxes

through the porous media and the effective diffusivities are

calculated using Equations (9)–(11) after a steady state has

been achieved. Simulations without the consideration of water

film were also conducted for comparison.

3 RESULTS AND DISCUSSION

3.1 Simulations of solute diffusion in digital
microstructures of soils

The effective diffusivities of the partially saturated porous

media were calculated in a series of 2 mm × 2 mm × 2 mm

cubic microstructures of soils in which the porosity ranges
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7 of 14 YANG ET AL.Vadose Zone Journal

T A B L E 1 Details of the reconstructed microstructures of digital

soils (cross sections and pore size distributions are shown in Figure S1).

No. Porosity
Specific surface area
(mm2/mm3) Size (mm3)

S1 0.381 11.9

2× 2× 2

S2 0.380 13.0

S3 0.375 30.7

S4 0.599 8.7

S5 0.599 21.3

from 0.37 to 0.6. The details of these generated digital soils

by the QSGS method are summarized in Table 1 and Figure

S1, which are in the classical range of parameters for soils

(Foth, 1991). Figure 6 shows an examplary cross section of

microstructure (No. S1) and its pore size distribution. Since

the maximum soil particle size is around 400 µm, this cubic

microstructure can satisfy the representative elementary vol-

ume requirement based on our previous studies (Yang &

Wang, 2018; Yuan et al., 2022). A 100 × 100 × 100 uniform

numerical mesh with a lattice size of 20 µm was adopted for

the LBM. It is noted that if one would try to discretize the same

soil volume in a way to resolve the 1-µm water films, then a

resolution of 1 µm instead of 20 µm would be needed. Such a

simulation is practically impossible since it would need more

than 8000 times larger computer memory and would be sev-

eral orders of magnitude slower, especially when we consider

that the simulation would need extremely more timesteps to

converge.

3.2 Importance of the diffusion in surface
water films

The pore-scale model was used to simulate the steady diffu-

sive processes in microporous media at different degrees of

saturation. Figure 7a–d shows two examples of phase distri-

bution and tracer concentration distribution in microstructure

No. S4 at two different volumetric water contents of 0.17 and

0.4, respectively.

Figure 8 compares the simulations without water film with

those considering water films with thicknesses of 1 and 4 µm,

respectively (all simulation results are tabulated in Table S1).

In general, our simulation results considering water films

(blue and yellow lines) show better agreement with the best-fit

curve (red line) from Figure 1 than those without the presence

of the water films (black lines). When the volumetric water

content exceeds 0.25, the water film and its thickness have

little influence on the diffusive ion transport. Thus, the vari-

ances in the computed 𝐷∗
𝑒

between scenarios with water film

thicknesses of 0, 1, and 4 µm were very small. However, at

low volumetric water content (<0.15), the transport pathways

in the absence of water films depercolate, which results in

very low to no diffusive transport in the unsaturated media. In

this situation, a conspicuous dissimilarity in the calculated𝐷∗
𝑒

emerges between a water film thickness of 1 and 4 µm. This

difference becomes larger as the water saturation decreases

further. This demonstrates that the presence of water films on

the solid surfaces controls the solute diffusion at low water

contents. It is highlighted that contrary to standard practice,

these processes need to be considered in pore-scale simula-

tions to obtain a more realistic view on solute transport in

partially saturated porous media. A sensitivity analysis of con-

tact angle on the calculated 𝐷∗
𝑒

is also implemented in this

study. The contact angle of water on soil surface should be

below 90˚. An extreme case with a contact angle of 90˚ is

considered, and the results show that the change of contact

angle up to 90˚ has only a limited impact on 𝐷∗
𝑒

for mate-

rials with a homogeneous water-wetting surface as shown in

Figure S2.

3.3 Theoretical analysis

The derived pore-scale numerical results were used to provide

a comparative analysis that accounts for solute transport in

variably saturated microporous materials. Based on the pore-

scale numerical results, a theoretical (upscaled) model was

derived to analyze the total flux 𝐽tot of dissolved and non-

volatile solutes as a function of 𝜑b and 𝜑wf , combining the

bulk diffusion 𝐽b and the surface-film diffusion 𝐽s:

𝐽tot = 𝐽b + 𝐽s = −𝜑b𝜏
−1
𝑏
𝐷0∇𝐶 − 𝜑wf𝜏

−1
𝑠
𝐷0∇𝐶, (14)

where 𝜏𝑏 and 𝜏𝑠 denote the tortuosity of diffusion in bulk

water and along the solid surface, respectively. Assuming that

tortuosity correlates to the corresponding volumetric fraction

(Ghanbarian et al., 2013), Equation (14) can be modified by

assuming a power law correlation into:

𝐽tot = −𝐴𝜑𝑛𝑠wf𝐷0∇𝐶 − 𝐵𝜑𝑛𝑏b 𝐷0∇𝐶, (15)

with four fitting parameters 𝐴, 𝐵, 𝑛𝑏, and 𝑛𝑠, which can be

derived by fitting with the results of the pore scale simula-

tions. 𝜑wf can be approximated by the surface area of the

porous materials 𝑆 and the average thickness of the water

film 𝑑 as 𝜑wf = 𝑆𝑑. 𝜑b is calculated through 𝜑b = 𝜑 −
𝜑wf ; if 𝜑 >> 𝜑wf , 𝜑b ≈ 𝜑. Similarly, the effective diffusion

coefficient of a solute can be derived from:

𝐷𝑒 =
[
𝐴
(
𝑆𝑑

)𝑛𝑠 + 𝐵(𝜑)𝑛𝑏]𝐷0. (16)

The simulation cases that have zero bulk water content

(𝜑b = 0; cf. Table S1) only include the flux from surface-

film diffusion 𝐽s. Hence, Equation (15) can be reduced into

 15391663, 2024, 3, D
ow

nloaded from
 https://acsess.onlinelibrary.w

iley.com
/doi/10.1002/vzj2.20321 by Forschungszentrum

 Jülich G
m

bH
 R

esearch C
enter, W

iley O
nline L

ibrary on [22/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



YANG ET AL. 8 of 14Vadose Zone Journal

F I G U R E 6 Cross section (a) of the digital microporous media S1 (white: solid phase; black: pore space; size: 2 mm × 2 mm) and

corresponding pore size distributions (b).

F I G U R E 7 Gas–liquid–solid distribution in microstructure No.

S4 (yellow: solid phase; blue: liquid phase; white: gas phase) at (a) low

volumetric water content 𝜑 = 0.17, (b) high volumetric water content

𝜑 = 0.40, and (c and d) corresponding distributions of tracer

concentrations within the liquid phase (only nonzero concentrations are

visible).

𝐽tot = −𝐴𝜑𝑛𝑠wf𝐷0∇𝐶 = −𝐴(𝑆𝑑)𝑛𝑠𝐷0∇𝐶 . After fitting with

the fluxes of the respective simulations, the fitting parame-

ters are determined as 𝐴 = 0.17 ± 0.13 and 𝑛𝑠 = 0.98 ± 0.20
(R2 = 86%) in Figure S3a. The values of 𝐽b = 𝐽tot − 𝐽s in

the other cases can be calculated and fitted with the formula

−𝐵(𝜑)𝑛𝑏𝐷0∇𝐶 to get𝐵 = 1.17 ± 0.27 and 𝑛𝑏 = 2.1 ± 0.1(R2

= 97%). Figure S3b compares the normalized effective diffu-

sivities for solute transport in bulk water derived from the pore

scale simulations (as function of volumetric water content) to

the fitting formula −𝐵(𝜑)𝑛𝑏. Since the new formula correlates

F I G U R E 8 Comparison of simulated relative effective

diffusivities of the generated soil microstructures for different

water-film thicknesses as a function of the volumetric water content.

Black lines: simulation results without water films (the classical

pore-scale simulations); yellow lines: simulation results with 1-µm

water films; blue lines: simulation results with 4-µm water films; the

red line is the modified power law (Equation 2) fitted to the

experimental datasets from Figure 1, that is, 𝐷∗
𝑒
= 1.51𝜑2.03.

𝐷𝑒 to 𝑆, 𝑑, and 𝜑, the fitting values (𝐴, 𝐵, 𝑛𝑠, and 𝑛𝑏) are

identical for the simulation results with different thicknesses

of water film.

For comparison to the description of the effective dif-

fusivity for transport in bulk water and in the water film

(Equation 16), the parameters in the power law (Equa-

tion 2) were determined as 𝑘 = 0.40 ± 0.10 and 𝑛 = 1.20 ±
0.11 by fitting to the results of the pore scale simulations.

The derived effective diffusivity by Equation (16) 𝐽tot =
−[0.17(𝑆𝑑)0.98 + 1.17(𝜑)2.1]𝐷0∇𝐶 gave a better agree-

ment to the diffusive flux than the power law 𝐽tot =
−0.405𝜑1.2𝐷0∇𝐶 as shown in Figure 9. The average relative
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9 of 14 YANG ET AL.Vadose Zone Journal

F I G U R E 9 Comparison of solute fluxes (mol∕m2∕s) in the

digital soil microstructures simulated with the LBM pore scale model

and derived from (i) our macroscopic equation (Equation 16; blue) and

(ii) the power law (Equation 2; red) fitted with our pore-scale

simulations (parameters 𝑘 = 0.405 and 𝑛 = 1.2). The shaded areas are

95% prediction bands from corresponding fitting lines.

error of the classical power law with respect to the pore-scale

simulations is 39.5%, while that of the derived macroscopic

equation (Equation 16) is substantially reduced to 19.0%.

Especially when the influence of the water film is critical

(𝜑 < 0.15), the average relative error of the classical power

law increases to 52.5%. In contrast, the relative error of Equa-

tion (16) slightly decreases to 18.5% at these volumetric water

contents.

To compare the performance of Equation (2) with that

of the proposed Equation (16) in real soils, a blind predic-

tion exercise was performed. Most data points at low water

content in Figure 1 are given by Conca and Wright (1992).

However, this study does not use their data points for this

blind prediction because they measured the electric conduc-

tivity referring to 𝐷∗
𝑒
. Our newly introduced formula needs

the specific surface area as the input. Hence, we estimated

the volumetric-specific surface areas of the samples from

Romkens and Bruce (1964) by using the mean particle size.

We also directly fitted Equation (2) to selected experimen-

tal data, and derived 𝐷∗
𝑒
= 0.51𝜑1.22, which is utilized for

comparison. Table 2 compares previously measured values of

𝐷∗
𝑒

with our predictions. Solid/liquid interface effects such as

the electrical double layer (EDL) effect may become nonig-

norable in porous media at extremely low water saturation,

where the water film reaches the nanoscale, as already men-

tioned above. Since this interface effect will be involved in

future studies, only data for quartz sands (Tokunaga et al.,

2017) within the range 0.04 < 𝜑 < 0.1 are used. In Figure 10,

the normalized effective diffusivities, as predicted by the

introduced formula 𝐷∗
𝑒
= 0.17(𝑆𝑑)0.98 + 1.17(𝜑)2.1 (Equa-

F I G U R E 1 0 Comparison of experimentally measured

normalized effective diffusivities (black stars) in quartz sands

(Tokunaga et al., 2017) and glass beads/sand (Romkens & Bruce, 1964)

to the predictions by classical power law from Figure 1 (Equation 2;

black dashed line), directly fitted power law (𝐷∗
𝑒
= 0.51𝜑1.22; blue

dashed line) and the macroscopic formula (Equation 16) developed in

this work (red circles).

tion 16), exhibit a better agreement with the measured values

for quartz sands (Tokunaga et al., 2017) compared to the

predictions by the modified power law 𝐷∗
𝑒
= 1.51𝜑2.03 from

Figure 1, while demonstrating comparable performance to

the directly fitted formula 𝐷∗
𝑒
= 0.51𝜑1.22. The predictions

from all three formulae show a similar fitness with the exper-

imental data from Romkens and Bruce (1964). Note that the

use of Equation (16) does not depend on fitting to exper-

imental data. The good agreement with experimental data

validates our introduced formula in actual soils even though

the parameters were obtained by the numerical structures. The

proposed Equation (16) can be integrated into the classical

continuum-scale reactive transport models to improve their

predictions of reactive transport processes in partially satu-

rated porous media. For example, by utilizing Equation (16),

the continuum-scale model such as COMSOL Multiphysics

can enhance the reliability of simulation of contamination

diffusion in soils under low water saturation conditions.

Previous studies (Hu & Wang, 2003; Tokunaga et al., 2017)

qualitatively stated that the relevance of the water film mainly

depends on the volumetric water content, where the transport

in water films dominates the total contributions to the solute

flux below a critical volumetric water content. However, the

importance of water films on transport has to be judged in

conjunction with the porosity of the microporous media. For

instance, for porous media having identical volumetric water

content (𝜑 = 0.1), in case of a material with a porosity θ =
0.2, this volumetric water content would refer to a saturation

of roughly Sw = 0.5, but in a coarser grained porous material
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F I G U R E 1 1 Phase diagram of the ratio Ψ = 𝐽s∕𝐽b indicating the

importance of diffusion in water films in terms of the volumetric water

content and the adsorbed surface water content (cf. Equation 15). The

black dashed line identifies the importance of diffusion in water films:

the diffusion in water films is negligible on the right side of this line

and becomes non-negligible on the left side. The white region is

unachievable since the volumetric fraction of the surface water film

would be larger than the total volumetric water content.

with porosity θ = 0.5 and same volumetric water content, this

would equal to a saturation level of Sw = 0.2. In consolidated

clay rocks or even many sandstones and carbonate rocks, a

volumetric water content of 0.1 would be close to full satu-

ration. This means that the relevance of the water film does

not only depend on the water content but also on the adsorbed

surface water content in the surface water films. Therefore,

we define a ratio, Ψ = 𝐽s∕𝐽b, between diffusional fluxes in

the water film 𝐽s and diffusional fluxes in the bulk water 𝐽b;

Ψ can be approximated by using Equation (15). A phase dia-

gram of Ψ as a function of the volumetric water content 𝜑

and the adsorbed surface water content is plotted in Figure 11.

This figure indicates the significance of diffusion within sur-

face water films under different conditions in microporous

materials, which can be important if Ψ ≈ 1 or negligible if

Ψ < 0.1. For example, the contribution of solute diffusion in

water films can be ignored if 𝜑 = 0.5 and 𝜑wf = 0.05, while

it becomes important at 𝜑 = 0.1 and 𝜑wf = 0.05.

4 CONCLUSION

The diffusion of solutes through partially saturated geolog-

ical materials such as soils and clay rocks is relevant in

a wide variety of environmental processes. It is therefore

important to predict how the water saturation affects the trans-

port of solutes in porous materials. At this point, pore-scale

simulations can quantitatively clarify the influences from dif-

ferent factors, such as surface area, porosity, and saturation

level, on solute transport in partially saturated geological

materials. Previous experimental investigations indicated that

water films play a vital role in building a connecting path-

way for solute transport at low water contents, where the

classical percolation theory fails. However, previous pore-

scale models could not resolve the thin water films on the

rough surface of mineral particles due to numerical discretiza-

tion issues. Hence, this study developed an improved method

to improve the pore-scale framework to account for solute

transport in thin water films and to consequently achieve a

realistic description of solute transport in variably saturated

microporous media, which is also helpful for the design and

interpretation of future experiments.

The resulting simulation results allowed us to get an insight

into the diffusive transport that takes place within the water

films and its correlation with the overall effective diffu-

sivity, as well as with the geometric characteristics of the

simulated domains. By incorporating water films into a pore-

scale model, the utilization of virtual synthetic structures

allowed us to find a generic power law, particularly valid

under conditions of water content higher than 0.05, which was

successfully tested against two experimental datasets. Our

introduced formula (Equation 16) can also be easily integrated

into the classical continuum-scale reactive transport models to

improve the reliability of simulations in unsaturated porous

media. Future studies can quickly assess the contribution of

thin water films on diffusive solute transport based on the

straightforward phase diagram of Ψ = 𝐽s∕𝐽b proposed in this

study (cf. Figure 11).

This study focused on water films confined in rough sur-

faces of porous media within a micro- and submicrometric

thickness range. However, other studies (Churakov, 2013;

Savoye et al., 2012, 2014) indicated that the charged sur-

faces of clays also strongly affect solute diffusion in nanoscale

water films. Besides, progressing desaturation in clay materi-

als such as bentonite may additionally result in mechanical

deformation of pore geometry (Xie et al., 2007; Xiong,

2020; C.-L. Zhang, 2021). These concepts are beyond the

scope of application of this study. Further modeling and

experimental studies are therefore needed to determine the

influence of solid−water and water−gas interfaces as well as

the chemical-mechanical coupling interaction on the transport

of nanoconfined solutes in partially saturated porous media.
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